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Abstract

A mathematical model of a solute release from a planar polymer matrix is
presented and the analytical solution in terms of the Fox H function is given.
The equation of space—time-fractional diffusion and a generalized Fick’s law
are used in the paper. Three particular cases, the standard diffusion, the time-
fractional and the space-fractional diffusions are discussed in detail. The model
and the solution are the generalization of the previous works and include them
as special cases.

PACS numbers: 02.30.Jr, 02.60.Lj, 02.50.—r

1. Introduction

It is well known that diffusion models play a very important role in biology, chemistry, and
physics. The diffusion process is normally governed by Fick’s first and second laws which
lead to the ordinary diffusion equation in one dimension

0C(x, 1) 02

o =KWC(x,t), (1
which has been extensively studied.

It has recently been shown that the solute movement in the heterogeneity media is usually
anomalous and cannot be described by the standard diffusion equation. In the past two
decades, anomalous diffusion has been widely researched by using the so-called fractional
calculus [16, 17]. The fractional (space or time or space—time) diffusion equation is obtained
from the standard diffusion equation by replacing the second-order space derivative with a
Riesz or Riesz—Feller derivative of order « € (0, 2], and the first-order time derivative with the
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Figure 1. Profile of concentration.

Riemann-Liouville or the Caputo derivative of order € (0, 1] (see [1-3] and the references
therein). Different cases of Cauchy problems in a fixed domain have been considered, for
example, the absorbing and reflecting boundaries in half-space and in a box [4], diffusion
equation together with appropriate initial conditions [5].

Due to the high nonlinearity of moving boundary problems and the fact that many of the
useful properties of ordinary derivative are not known to carry over analogously for the case
of fractional derivative operator, such as a clear geometric or physical meaning, product rules,
chain rules and so on, fractional calculus has scarcely been applied to such problems. Liu
and Xu [6] were the first and only ones who introduced the time-fractional diffusion equation
to the drug release process which is a moving boundary problem from the point of view of
mathematics. They proved the well-known semi-empirical formula in the controlled drug
release system given by Ritger and Peppas.

In this paper, we use the space—time-fractional diffusion equation to master the process
of a solute release from a polymer matrix in which the initial solute loading is higher than the
solubility. The mathematics model is proposed and the analytical solution is obtained. For
convenience of practical use, we give the computable form of the solution in some particular
cases. A diagram describing the diffusion front of the device is also given.

2. Mathematical model

A solute release from an undissolved monolithic polymeric matrix is considered and a condition
of perfect sink is assumed.

The concentration profile at time ¢ is shown in figure 1. Where R is the scale of the
polymer matrix. Each matrix consists of two regions: the surface zone, 0 < x < s(f), in
which all solute is dissolved, and the core, s(f) < x < R, which contains undissolved solute.
The two zones are separated by the diffusion front, x = s(¢), which moves inward as time
progresses. Cp and Cj are the initial concentration of the solute distributed in the matrix and
the solubility of the solute in the solvent, respectively. We will consider only the early stage
of loss before the diffusion front moves to R and assume that Cy > C;.

We apply the space—time-fractional anomalous diffusion equation

¢DPC(x,1) = VC(x,1) O<p<l<a<?) )
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to the region 0 < x < s(¢), and use the following boundary conditions:

=0, C=0 (3)

x = s(t), C = (. (€]
and

ds(r)

(Co — CS)T = —Fi(x, Dlx=s), ®)
where gD,ﬂ is the Caputo derivative defined by

, 1 tofm(ryde

Bfo(t)z RO m—1<p<m, (6)

L —p) Jo (¢t —o)fri=m’

where I'(-) is the gamma function. VY is the Riesz derivative operator. By denoting the
Fourie?r transform of a sufficiently well-behaved function f(x), f(k) = F{f(x);k} =
/ * e** f(x)dx, k € R, the Riesz derivative of order « is defined by

_ooe
FAVEf () k} = — k[ (K. (7)

2 is the generalized diffusivity. Equation (3) is the perfect sink condition at the surface of
matrix. Equation (5) is a condition for x = s(#) which can be obtained using the conservation
law of mass and Fj(x, t) is the flux of diffusion. In the standard diffusion case,

Fi(x,1) = —KiC(x,t), (8)
0x

which is the Fick’s first law. Due to the non-local property of anomalous diffusion, following
Chaves [7], Zannette [8] and Paradisi et al [9], we use the generalized non-local Fick’s
law,

Fx,t)y=,D "7 {|k|“‘29’ {—@%C(x, z)” , )

to replace (8), where .# ~! denotes the inverse Fourier transform.
The properties of the Caputo derivative can be found in [16, 17]. An important property
used in the paper is

: ra+b
(‘)D;’tb:(—)tb_” O<m<a<m+1,b>m,me N). (10)
F'l+b—a)
The constraint of this relation can be removed if we consider the analytical continuation of the
gamma and beta functions for the entire complex plane (see [16], sections 1.1.3 and 1.1.4.).

3. The solution to the governing equation

By using reduced dimensionless variables defined as

1
X DN\F C s
= —, = _— t s 0 = —, S = —, 11
=73 T ( R“) C. ™= (1D
and the two relations (A.1)—(A.2) presented in the appendix, the governing equation (2)
subjected to conditions (3)—(5) can be reduced to the respective dimensionless forms

sDPO(E, T) = VEO(E, T) 0<&<S(),7>0), (12)
0(¢,7)=0 (& =0), (13)
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0E. =1 (=501, (14)
ds

d(:) = —F(E Dlems). (15)

S0) =0, (16)

where n = COECJ and F(§,7) = (DI P71 { |k|""235{—319}} is the non-dimensional flux.

s

Since we consider only the early stage of loss before the diffusion front moves to R,
the semi-infinite assumption can be used. As a result, we first consider equation (12) in the
semi-infinite space which satisfies

00,7) =0 (17)
and
0(&,0) = g = const. (13)

As for the time-fractional diffusion, the above problem has been discussed by Schneider and
Wyss [5] in detail. They gave the solution as

o0
9=f1/ dy{G(§ —yl, 1) = G(§ +yI. D}, (19)
0
in which G (&, 7) is the Green’s function (or fundamental solution). It can also be written as
3 00 00
0, 1) =q/ dyG( —y. r)+q/ dyG(y —§,1) —q/ dyG@E +y, 7). (20)
0 £ 0
Substituting z for & — y, y — &, & + y, respectively, we obtain
3
0, 1) = 2qf G(z,1)dz. 21)
0

For the space-time-fractional diffusion we considered, the solution has the same form as
(21) except a difference of the Green’s function. In Mainardi et al’s papers [10, 11], the
Green’s function for the Cauchy problem of space—time-fractional diffusion equation in terms
of the Fox H function was given. The space-fractional derivative operator they used is the
Riesz—Feller derivative. In this paper, we use the Riesz operator which is a special case of
the Riesz—Feller operator as the space-fractional derivative operator. By using G4 g(§, 7) to
denote the Green’s function of our problem, we list the result we need in this paper here:

1 1 [reico D1 =3rd-—s s

Gw,ﬂ(%‘a T) = _2_/ (sa) ( Sa) ( ﬂv) (iy) ds
a8 271 J—ieo T(5)T(1—5)0(1 - ) \7
1 a.Habah

= —H, L] : (22)
af LT a hanah
where y = g and 0 < r < 1. The Fourier transform of G, g(, 7) is
Gupk,T) = Eg(—|k|"TP), (23)

where Eg(-) is the Mittag—Leffler function defined as

o n

Z
Eﬁ(z)=§m, B>0, ZeC. (24)



Analytical solutions to the moving boundary problems 12135

From equation (21), the solution to the original problem (12)—(15) can be written as

S B T a.habah
9<s,r>=2qf ikl d¢’
0

™ la, Hhana b

/7 a.HabHah
=2 f —H3y |z dz

0o @z ahanad

2 /W Lo D= 5)ra -

Coh il TR Hr- )
Noting that 0 < r < 1,z°”" is an integrable function in [0, f—y] the order of integral can be
exchanged. Consequently, we have

” T)zz_qi v (L) (1= 2)rd —s)I(s) (i)sds
C w2 TE)N(= (1= B+ 7

2 ldsdz.

1

Since the contour separates the poles of I' (1 — é), 'l—s)and T (é), I"(s), the integral above
can be represented in terms of the Fox H function,

1 By 1y
zq - ‘i: (LD, (A, 5
06T =L |2 ,

> (25)

(1, HADOHID)
where ¢ is a constant to be determined. Noting that the boundary condition (14) has to be
satisfied for all the values of 7, S(r) must be proportional to 77,

S(t) = pt?, (26)

where p is a constant to be determined.
Substituting (26) into (25), the first relationship between p and ¢ can be obtained:

a.Hanabah
2q H22 : R |
; 44 | P = 1.
a.hHa,nona b
In order to get another relationship between p and g, we must consider the flux. Using (21)
and (23), we arrive at

27

a0
T {—g} = —2q.F(Gup(§, 1)} = =29 Eg(—|k|"7"). (28)
As a result,
F&.1) = =2q§D; " 7 HEp(~k|"t")Ik[*72). (29)
Considering the properties of Mellin transform and
LI —s)
MEg(—2); s} = ————, 30
(Es(=2is) = 5 (30)
we have

_ 1 25-ps F(ﬁ+£)]"(1+2*_“ _ i)
e B a—2. _ R B @ « p” o
MAEg(—|k|* ") [k]*77 s} o7 (s e By

Using the relationship between Fourier transform and Mellin transform [10],

1.(x) = %fom £ (k) cos(kx) dk,

3D

1 1 r+ioco

Lx)= —— FHs)T(1 = 5) sin (’%x)x ds, x>0, 0<r<l,

Tx 271 J, o



12136 X Lietal

where [.(x) is the inverse Fourier Cosine transform of f(k) and f*(s) is the Mellin transform
of f(k), we can get the flux

P& 0 =50 22 L ™ gy etk ara - sysin () e
T) = — — k|t ; —s)sin| —
5 ot n'é 27_” B 3 S S)S 2 S
28 .
_2(]77_1 1 r+ioco é; s
=— — | ds, 32

& i) (ry ’ 42

where
M2+ 92 - 4)ra —s)
H(S) — ( (XZ'B Dt) (Ol ) . (33)
P = 2)r(t=3)re)

In the course of deriving (33), the complementary law of the gamma function

ro)ra—x) = (34)

sin(r x)
and the formula of the Caputo derivative (10) are used. The flux can be expressed in terms of
the H function:

272! . HE 5Hab
Ft)=—"1H> iy . (35)
af e Hhanah
Therefore, from equations (15) and (26) the second equation of p, g is
1 Zﬂ B
2q CG.HEZ 5.y
npy = —Hy3 p‘ : (36)
op e .Hanah
Eliminating ¢ in (27) and (36), we can obtain the equation of p:

@, HhanabHal ) C.HE 5Hah
= Hy, p‘ : (37)

a,Hanonab (2, Hanah

In order to get the value of p, we must solve equation (37). However, computing routine
for the H function is not available. Fortunately, in some special cases, the H function can be
represented by convergent series which can be calculated.

2,2
np*y Hy; [p

4. Discussion on the solution

The standard diffusion equation, time-fractional and space-fractional diffusion equations are
the three special cases which have been widely discussed. In this section, we consider our
problem in these three cases.

Case I. When B = 1,a = 2 the governing equation (12) degenerates into the standard
diffusion equation (1) and the generalized Fick’s law (9) degenerates into the Fick’s first law
(8). In this case, the solution (25) becomes

a.hanabhab a.nab
22 ;;: 2 2 2 11 é: 2
0, 1) =qH,; [1—/2 } =qHt) [1_/2 }
Tl hanona, T lanon
k+1 2m+1
_qi (—1>k(i2) B i 1)2'"( i)
GG -Dken! 5T - m)@m e D)
2m+1
2 & (D" (55) 3
= —_— - ~errs = el‘f 5 38
1= ml2m + 1) 18\ 012 (38)
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where erf(-) is the Error function. In the course of deriving (38), the expansion for the H

function [18],
b, k by +k
— Bt )1—[! Tl —aj +Aj%) (—1)kz &)/ By

m oo (b
HI'I2) = LIS :
O = TP by B B T T~ A 55) K

was used. Similarly, the non-dimensional flux becomes

aHahah
91 § [ e
FE,71)=—— 3’3 Iy
§ T2 11, Hana)
b
q 10| &7
= __Hl,l I
E T2 11,1

2
. (_j_r)r—%. (39)

Therefore, the equation of p is
2
=P (P p Cs
”2er(2>exp<4) Co—C. o

It is exactly the solution given by Paul and McSpadden [12].

Case2. WhenO0 < B < 1, o = 2, (12) degenerates into the time-fractional diffusion equation.

In this case,

§

. . Hana b,
0, 1) =qH,}y e}

A, Ha,no,na,h
(1,1(1,%)

1] &

=qH,), | =75
TP/ (1,1)(0,1)
00 g n+1
(=D" ()

=q 41
Z r(1—8+m) (+D!’

n=

(1,;)(5,';’)(1,;):|

p—1
FG&m =T [E/

a,ha,nab
grh! £ R
= Mo
§ P
p—1 _1y & n+l
-y CU(E) (42)
& r(B—5(1+n)n!

n=0

The equation of p becomes
n+l1

00 (_1)11 pn+1 ,3 00 ( 1),1 »
= 5 . 43
;F(ﬂ—g(l+n))n! 2;0 1_2(14_”)) (n+1)! (43)
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Figure 2. Non-dimensional diffusion front position S(7) versus non-dimensional time at various
solute loading levels. Curves 1-6 correspond to the cases that («, B) equals to (1.25,1), (1.5,1),
(1.75,1), (2,1), (2,0.75) and (2,0.5), respectively.

If applying the operator §D?~! to both sides of (15) and using the properties of the Caputo
derivative we can find that our solution is exactly the solution given by Liu and Xu [6].

Case 3. When 1 < o < 2, 8 = 1, (12) becomes the space-fractional diffusion equation. In
this case,

Lhana ba.l
o m = Lz | £
’ - o 4.4 1/

(1, H{A,D©,1)(1,5)

LHha,na,t
Z_q - (1, ) (,1)(1, 5)
T oo 33| e

(1,1)(0.1)(1.3)

_ 20 (ZEN @) g (L
_EZ<TIN> 0 sm(—zn), (44)

n=1
2. C.HeEe Hhap
F(E T)__quu 21 &' a’a’ e’ a 2
T aé 330 e, |
. Hanah
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2 Gy
_2qTem | 8 e
(74 22| ¢1/e i
1.1, 3)
2q7 > "T(1-2+12) n
- — @ dgn(—=n ). (45)
mxf;‘ HXI: 1/”‘ (n — 1)! 2

1/a
The equation of p becomes

(2) | _24n
n— pZZ( p)" (& sm(——rr) Z( p)" "‘)“)sin<—%n). (46)

The non-dimensional diffusion front position S(r) versus non-dimensional time 7 at
various solute loading levels is shown in figure 2. Curves 1-3 correspond to space-fractional
diffusion models, curve 4 corresponds to the ordinary diffusion model, curves 5 and 6
correspond to time-fractional diffusion models. It is obvious that the time-fractional diffusion
model and the space-fractional one describe sub-diffusion and super-diffusion, respectively.
It is consistent with the conclusion of [1, 2]. As for the same curve, by comparing the four
pictures in figure 2, we can see that the higher the initial solute loading level is, the longer the
time to reach R for the diffusion front s(7) needs. These conclusions show the fact that the
models are well consistent with the truth.

5. Summary and conclusion

For the moving boundary problems, very few analytical solutions are available in closed form
[19]. They are mainly for the one-dimensional cases of an infinite or semi-infinite region and
are known as the similarity solution in the standard diffusion cases.

The scale invariant (or similarity solution) of the fractional diffusion equation has been
considered in some cases [13—15]. The model in this paper is just a special case which has
the similarity solution taking the form of the function of the single variable T;f/u . In the cases
when the matrix is cylindrical or spherical, the semi-infinite assumption cannot be used. The
similarity solution may not exist because of the existence of the characteristic scale. Therefore,
other skills must considered in these cases.

Inresearches on the controlled release drug delivery systems for which the release rate over
time is pre-programmed into the device, the relevant mathematical models of drug releases
from the polymer matrix are the most powerful tools. Therefore, the study of fractional
calculus in moving boundary problems would be of great interest to both theoreticians and
experimenters in the future.
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Appendix

In this section, we present some properties of the Caputo fractional derivative to show the
derivation of the dimensionless form of (2) and (5).



12140 X Lietal

Ift = At (A > 0) and f(¢) is a function for which the Caputo fractional derivative
oDf f(t) of order a (0 < a < 1) exists, then, in accordance with the definition of the Caputo
fractional derivative, we get the following relation:

tdf(s)/ ds 4
1"(1 —a) (t — s)“

/’" df(s)/ds

= ds
F(l —a) Jy (At —s)4

B T df(As’)/ds’
T T'(A—a) )y (AT — As')e
AT T df(As)/ds’ 4

“Td-a), -5 ©

= AT SDY f(AT). (A.1)

oDy f ()

/

Similarly, if x = B& and B > 0, we have the following relation for the Riesz fractional
derivative V’:

VPe(x) = F7H~1k’g(k)}

Lo
b R R OL L
-0
1 .
=5 —e kB8 |k|Pg (k) dk
Lo~
=5- | —e “FIkBI’gU) B dBk.
T J-oo

Considering that

2k = / e*rg(x) dx

oo

= / N B o (BE) B d&
F {g(B&); Bk},

then we obtain

Vig(x) = B~V g(BE). (A2)
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